We present full quantum statistical energetics of some electron-light nuclei systems. This is accomplished with the path integral Monte Carlo method. The effects on energetics arising from the change in the nuclear mass are studied. The obtained results may serve as reference data for the multicomponent density functional theory calculations of light nuclei system. In addition, the results reported here will enable better fitting of todays electron-nuclear energy functionals, for which the description of light nuclei is most challenging, in particular.
Density functional theory (DFT) is among the most succesful approaches to calculate the electronic structure of atoms, molecules and solids. A similar approach, however, including more degrees of freedom was introduced in 2001 by Kreibich and Gross [1] , and is called as multicomponent density-functional theory (MCDFT). In contrast to original form of the DFT, MCDFT enables the complete quantum treatment of many particle systems consisting of electrons and nuclei. As is well known, the original form of DFT incorporates the Born-Oppenheimer approximation for the nuclei [2, 3] .
With the MCDFT approach it is possible to extend the success of DFT into an entirely new field of applications, such as first-principles calculation of electronphonon coupling in solids [4, 5] , polaronic motion [6] and positron scattering and annihilation [7] [8] [9] . That is, with MCDFT physical phenomena that depend on a strong coupling between electronic and nuclear motion can be evaluated from first principles.
The original DFT is also known for its need of good functional forms, especially for the exchange and correlation functional. One of the most widely employed functional is the so-called local density approximation (LDA), which uses the Monte Carlo data of the free electron gas [10] as a basic input. Proper functional forms are also needed in the MCDFT scheme, for the electron-nuclear energy functional [11, 12] , in particular. For the present, the absence of good multicomponent reference data is slowing down the development of new functional forms for the MCDFT. The main difficulties are encountered in the description of light nuclei.
In this brief report, we will provide few-body reference data for light nuclei systems, which can be used in the development of better MCDFT functionals and improving the present fits. This is accomplished with full quantum statistical simulations using path integral Monte Carlo (PIMC) approach [13] . The nuclear mass is given values ranging from that of a positron to that of a proton described by the following processes: and
, where x + goes from positron (e + ) to proton (p + ). A more detailed description of our approach is given in Ref. [14] .
According to the Feynman formulation of the quantum statistical mechanics [15] the partition function for interacting distinguishable particles is given by the trace of the density matrix:
and M is called the Trotter number. In this paper, we use the pair approximation in the action [13, 16] for the Coulomb interaction of charges. Sampling in the configuration space is carried out using the Metropolis procedure [17] with multilevel bisection moves [18] . The total energy is calculated using the virial estimator [19] .
In the following we use atomic units, where the lengths, energies and masses are given in units of the Bohr radius (a 0 ), hartree (E h ) and free electron mass (m e ), respectively. The statistical standard error of the mean (SEM) with 2SEM limits is used as an error estimate for the observables.
In our model, all the particles are described as "boltzmannons", i.e. they obey the Boltzmann statistics. For the present study the particles involved can be treated accurately as distinguishable particles. This is possible by assigning spin-up to one electron and spin-down to the other one, and applying the same for the positive particles. This is accurate enough, as long as the thermal energy is well below that of the lowest electronic triplet excitation, ∆E st . For the systems in consideration ∆E st > 0.18E h , the smallest being that of the Ps 2 molecule [20, 21] . For more details on our model, see Ref. [14] .
In the simulations we use m e = 1 = m e + as the mass of the electrons and the positron, and for the protons we use m p = 1836.1527m e . The simulations are carried out at 300 K temperature, and for the Trotter number we have chosen M = 8192. This leads to "time-step" τ = β/M ≈ 0.1285E In Figs. 1 and 2 we show the total energy as a function of mass of the nuclei, i.e. the positive particles: On the left x + is equal to a positron, on the right x + corresponds to a proton, and in the middle region we assign ten different masses for the x + particle.
The total energies are also given in Table I . The timestep error affects mainly the fourth decimal in the total energies, which can be validated by comparing the end-point values in Table I to high-accuracy zero Kelvin results. The comparison shows that the difference between high accuracy results and our PIMC values is less than 0.00094E
h , which also confirms that the order of the time-step error is O(τ 3 ). Since the fourth decimal is also uncertain due to statistical error estimate, the present time-step error is considered acceptable. All energies given in Table I are from separate long enough simulations. Due to the finite temperature present in our simulations there is a small possibility for these molecules to dissociate even at the temperature of 300 K, however, none of our simulations experienced dissociation.
The main difficulties in the MCDFT are related to the description of light nuclei. Protons in small systems are already treated reasonably. However, there definitely is room for improvement in that case, and especially in case of positronic systems. The data presented in Table I will serve as a good reference data in the development and fitting of electron-nuclear energy functionals. It enables one to gradually go towards proper description of the lightest and most difficult "nucleus", i.e. the positron.
It should be pointed out, that proper density dependent reference data will be essential for the success of MCDFT. Obtaining such results is computationally demanding, however, the authors of this paper are already Table I : Total energies at different nuclear masses, see also Figs. 1 and 2. Energies are given in units of hartree with 2SEM error estimates. Reading from up to down the x + in the table goes from positron to proton -the mass of the particle increases. working on it. For now, the results of this paper give useful complementary information on the energetics of small light nuclei systems, which can be used in the finding better fits for the functionals. We acknowledge CSC -IT Center for Science Ltd. and TCSC -Tampere Center for Scientific Computing for the allocation of computational resources. For financial support we thank the Finnish Cultural Foundation and the Physics Department of the University of Illinois at Urbana-Champaign.
